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We propose a generalized formulation of stellar speckle interferometry (SSI) and related techniques in terms of
joint spatial/spatial-frequency energy representations. We show how, within this formulation, techniques such as
that of Knox-Thompson, or even standard SSI, appear to be particular implementations of a more general method.
This generalized SSI is derived in a straightforward manner from the proposed joint formulation. Results from a
computer simulation are presented.
Stellar speckle interferometry (SSI) is a common tech-
nique used in astronomy to attain the diffraction-limit
resolution of large ground-based telescopes.1'2 Let
i(x) be the image of the object o(x) at time t; then
it(x) = o(x) 0 ht(x), (1)
where 0 denotes convolution and ht(x) is the instanta-
neous point-spread function of the image-forming sys-
tem: atmosphere-telescope. Conventional astro-
nomical imaging consists of integrating Eq. (1) during
a given exposure time. The resulting image is propor-
tionaltotheaverage (i(x)) = o(x) 0 (ht(x)). Instead,
SSI consists of averaging the power spectra of a set of
short-exposure images,
(JIt(U)12) = I0(U)J2(IHt(u)J 2 ). (2)
By applying the same averaging procedure to a refer-
ence point star it is possible to estimate (IHt(u)12.
Thus one could solve Eq. (2) to obtain 10(u)12 as far as
the cutoff frequency of the telescope. Using this tech-
nique, one attains the diffraction limit at the cost of
missing the phase of 0(u). Consequently one cannot
reconstruct the object o(x), since the Fourier trans-
form (FT) of IOQ(U)12 gives the autocorrelation Q(Ax) of
the object, instead of o(x). Several methods have
been proposed to keep the information about the
phase in SSI3-8 (see Ref. 9 for a useful review).
In this Letter we propose a formulation of SSI, and
related techniques, based on joint energy spatial/spa-
tial-frequency representations. From this powerful
analytical framework'0 "' some of the ideas involved in
SSI can be generalized. Furthermore, one can find
new and possibly more advantageous practical imple-
mentations. There are four basic functions in the
joint representation: the product function (PF), the
Wigner distribution (WD), the ambiguity function
(AF), and the spectral product (SP). It is easy to show
that the four functions retain both high resolution and
phase information. After that, we show how most of
the speckle techniques appear in this formulation as
particular implementations of a generalized SSI meth-
od. Finally, results of a computer simulation are pre-
sented.
Following Cohen,'0 a general expression for a class
of joint energy representations is given by"l
Ei(x, u; ) = (2 1 )N j j /i %, a)i*(p - a/2)
X i(p + a/2)exp[27rj(x - cau - {p)]dpdtda, (3)
where x, u, t, oa, and p are vectors in the general N-
dimensional case. The function q5Q(, a) is a kernel that
defines a particular representation. When 44Q, a) = 1,
then Ei is the WD."" 2 The AF is also obtained by
placing 0Q(, a) = 2r6(a - x)(Q - i) in Eq. (3). It
follows that the WD, along with its two single FT's (PF
and SP) and with its double FT (AF), completes the
simplest joint energy scheme. Figure 1 indicates the
definitions and relations between the four basic func-
tions of this scheme. Any function is computable
from another by a single (adjacent in the diagram) or a
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Fig. 1. Definitions and relations of the four basic functions
of the joint energy representation scheme. The upper sym-
metry property (*) is only valid for real f.
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Table 1. Different Speckle Imaging Techniques in Terms of the Product Function and the Kernel Defining the
Joint Representationa
Method Expression Kernel, 0Q(4, a)
Generalized SSI (Pi(x, Ax)) A - Au), Au < u,
Standard SSI1,2 dx(Pi(x, Ax)) A(Q - Au)b(Au)
Knox-Thompson3 FTI(Pj(x, Ax) B).- a AbB - Au)B, Au < uc
Phase gradient5 6(Au)FTfx(Pi(x, Ax))BbX-u AcebQ - Au)b(Au)B
Exponential filtering6 b(AWu)FT~eax(P(x, Ax))BVr_1. A eaab(t -Au)b(Au)BA.-u
Triple correlation4 FT (i(Q) * PiQ, Ax))(,Ba - Au)Fi*(Au)B
a A = 27r6( - x), B = exp(27rjx/2Au).
double (opposite) FT. On the other hand, the WD
presents a set of interesting properties (see Refs. 11
and 12). Among these properties, the convolution
theorem allows one to rewrite Eq. (1) in four different
ways:
P(x, Ax) = [PA(t, n) 0 Ph, ?)I(x,x),
WA(x, U) = [WO(M, U) ® Wh(Q, u)(x),
AJ(Ax, Au) = [A0(q, Au) @ Ah(n, Au)](,),
Ki(u, Au) = K0(u, Au)Kh(u, Au).
(4a)
(4b)
(4c)
(4d)
Equations (4) indicate that the convolution in Eq. (1)
becomes a double convolution (in x and Ax) in the
domain of the PF; it is a single convolution in both
joint domains and a product in the domain of the SP.
In practice, there are two alternatives to implement
SSI, one by averaging the power spectrum of short-
exposure images and the other by averaging the auto-
correlations.2 Both the power spectrum and autocor-
relation are energy representations of the signal. In
the joint scheme we can compute four equivalent aver-
ages:
(Pi(x, Ax)) = (it*(x - Ax/2)it(x + Ax/2)>, (5a)
(Wi(x, u)) = dAx(Pi(x, Ax))exp(-27rjuAx),
(5b)
A(Ax, Au)) = J dx(Pi(x, Ax))exp(-2ixjxAu),
(5c)
(Ki(u, Au)) = f f +dAxdx(Pi(x, Ax))
X exp[-2-rj(xtu + uAx)]
= (It*(u - Au/2)It(u + Au/2)).
These equations state that it does not matter which
of the four functions one averages, since the FT of an
average is the average of the FT. It is easy to show
that the four averages of Pi, Wi, Ai, and Ki retain both
high resolution and phase information. That was dem-
Fig. 2. Resulting averages of the four functions of the joint
scheme for both the point (a, c, e, g) and the binary stars
(b, d, f, h): a, b, the PF; c, d, the WD; e, f, the AF; g, h, the
SP.
(5d)
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Fig. 3. Reconstruction of the binary star from the PF (solid
curve) and from the SP (symbols) by the Knox-Thompson
phase-integration technique.
onstrated for the SP by Knox and Thompson3 and von
der Ldhe.13 If that is true for Ki, then it will also be
true for Pi, Wi, and Ai. Equations (4) and (5) implicit-
ly denote a generalization of SSI. In fact, it is evident
how to extract the average power spectrum (IIt(U) 12) or
the autocorrelation (Qt(Ax)) from Eqs. (5):
(I@t(u)12) = (K(uz, 0)) j dx(Wi(x, u)), (6a)
(Qt(Ax)) (Ai(Ax, 0)) = f dx(Pi(x, Ax)). (6b)
In other words, the autocorrelation and the power
spectrum are the central row of Ai and Ki, respectively;
they can also be obtained from Pi and Wi by integra-
tion in dx. It is easy to demonstrate that K1contains
phase information for Au < u,, with u, being the cutoff
frequency of the atmosphere. 3 13 Since K; and Ai are a
Fourier pair, Ai will also keep the phase information.
Moreover, for the same reason, Pi and Wi will also
implicitly contain the phase information.
From what has been reported above, there are four
different possiblities to implement this generalized
SSI method, preserving both high frequencies and
phase. For instance, the choice of the SP would be
almost equivalent to the Knox-Thompson speckle im-
aging technique.3 On the contrary, the PF choice
seems more natural in this representation in order to
avoid the computation of the FT of every single frame
and thus save computing time. There are also two
additional intermediate cases, which could perhaps
present other advantages: the WD and the AF. Nev-
ertheless, the disadvantages inherent to joint energy
representations are that these functions are of 2N di-
mensions, although it is always possible to develop
methods to save memory.'4
The joint formulation permits the unification of
most speckle imaging techniques. Table 1 shows how
the different methods (except triple correlation) can
be applied to the averaged PF, (Pi(x, Ax)). Table 1
also shows the adequate kernel 0Q, a) to define the
particular representation, after Eq. (3), corresponding
to each speckle technique. Note that in almost all
cases, the kernel is composed of only delta functions
and linear phase factors. However, since the triple
correlation belongs to a third-order representation
class, it is necessary to include F*(Au) in the kernel.
This renders impossible the application of the triple-
correlation technique to the PF.
Figures 2 and 3 shows the results of a computer
simulation. One hundred fifty speckle images of both
a binary star and reference were generated by a stan-
dard method.15 Imaging through a 1-m telescope, a
Fried parameter of 10 cm, and a wavelength of 0.5 pm
were assumed. The resulting 256 X 256 frames were
integrated in one axis to obtain one-dimensional data.
The sampling interval was 5 pixels per speckle grain to
avoid possible aliasing problems when computing Ax/
2 and Au/2 increments. No noise was added to the
frames. Figure 2 shows the results of averaging the
four functions Pi, Wi, Ai, and Ki for both the binary
and the point stars. The horizontal direction corre-
sponds to Ax or u, while the vertical direction refers to
x or Au, depending on the case. Figure 3 shows two
reconstructions. The solid curve was obtained by first
computing (Pi(x, Ax)) and then its double FT, while
the symbols corresponds to direct computing of (Ki(u,
Au)). In both cases the phase of the FT of the object
was obtained by applying the phase-integration meth-
od of Knox-Thompson. A Wiener filtering was ap-
plied in the deconvolution.8 The two reconstructions
are almost identical, and only the noise levels show
small discrepancies.
One may conclude that the formulation presented
here permits a generalization of methods such as stan-
dard SSI and Knox-Thompson speckle imaging.
Furthermore, many other imaging methods, such as
the phase gradient, are directly, and alternatively, ap-
plicable to the resulting data.
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